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GLOBALLY GENERATED VECTOR BUNDLES ON P3
WITH c1 = 3
NICOLAE MANOLACHE
Abstract. We classify the globally generated vector bundles on
P3 whith the first Chern class c1 = 3. The case c1 = 1 is very easy,
the case c1 = 2 was done in [33]. The case of rank 2 vector bundles
was covered in [18]. The main tool used is Serre’s theorem relating
vector bundles of rank = 2 with codimension 2 lci subschemes and
its generalization for higher ranks, considered firstly by Vogelaar
in [37].
1. Introduction
We use freely the standard notation, namely that introduced in [30],
used (and extended in [11]) (cf. also [12]). Our base field is C.
A globally generated nontrivial vector bundle E on a a projective
space has the first Chern class c1(E) > 0. When c1(E) = 1, modulo
a trivial summand, E ∼= O(1) or E ∼= T (−1), T being the tangent
bundle. The case c1(E) = 2 is studied in [33]. We note that the case of
rank 2, globally generated vector bundle on Pn with c1 = 3 is covered
in [18] and this study was extended to c1 ≤ 5 in [9].
In this paper we address the case c1(E) = 3 on P
3. The classification
of vector bundles with c1 = 3 on P
n will be considered in [1].
The aim of this paper is to prove:
Theorem. On P3 the globally generated vector bundles with the first
Chern class c1 = 3, which are not direct sums of line bundles are as
follows:
(i) None of rank 2. From here the same result follows for Pn, n > 3.
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(ii) Those of rank 3 are given by exact sequences of the shape:
0→ O(−3)→ 4O →E → 0(1)
0→ O(−2)→ 3O ⊕O(1)→E → 0(2)
0→ O(−1)→ 2O ⊕ 2O(1)→E → 0(3)
0→ O(−1)→ 3O ⊕O(2)→E → 0(4)
0→ O(−2)⊕O(−1)→ 5O →E → 0(5)
0→ 2O(−1)→ 4O ⊕O(1)→E → 0(6)
0→ 3O(−1)→ 6O →E → 0(7)
0→ T (−2)→ 5O ⊕O(1)→E → 0 ,(8)
0→ T (−2)⊕O(−1)→ 7O →E → 0(9)
where T is the tangent bundle.
(iii) Those of rank > 3 are extensions of those from (ii) by trivial
bundles.
Aknowledgements. The idea of this paper originated in a discus-
sion with Iustin Coanda about [33], who pointed to me also some useful
references. I want also to thank the Institute of Mathematics of the
Oldenburg University for hospitality during the writing down of this
paper, especially to Udo Vetter. Besides this I had no other support
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2. Preliminaries
We recall some general results, mostly starting remarks also in [33]:
A. (J.-P. Serre, cf. [3]) If a vector bundle E or rank r > n on a
smooth variety X of dimension n is globally generated, then E
contains a trivial subbundle of rank = r − n .
B. If a globally generated vector bundle E or rank r ≤ n on Pn
has cr = 0, then E contains a trivial subbundle of rank = 1 (cf.
[26], chap. I, Lemma 4.3.2).
C. If E is a globally generated vector bundle on Pn, then E con-
tains a trivial direct summand of rank = dimH0(E∨) (cf. [28],
Lemma 3.9).
D. If E is a vector bundle on Pn, which is globally generated and
for which H0(E(−c1)) 6= 0, where c1 is the first Chern class
of E, then, modulo a trivial summand, E ∼= O(c1) (cf. [32],
Prop.1).
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E. (Serre, Hartshorne’s setting, cf. [13], Th. 1.1) There is a bijec-
tion between the sets:
(i) triples {E, s, ϕ}, where E is a rank 2 vector bundle on P3,
s ∈ H0(E) is a section such that its zero-set Y has codimension
2, and ϕ : Λ2E ∼= L.
(ii) pairs {Y, ξ}, where Y is lci curve in P3 and ξ : ωY ∼=
L(−4)|Y = L⊗ ωP3 ⊗OY .
E′. In the above situation, Λ2(E) ∼= O(c1), where c1 is c1(E),
deg Y = c2(E), one has an exact sequence :
0→ O → E → IY (c1)→ 0
and ωY ∼= OY (c1 − 4). In particular: 2pa(Y )− 2 = c2(c1 − 4)
E′′. (cf. [17], proof of 5.1.) If E in E. is globally generated, then a
general section of it has a smooth zero set.
F. (Vogelaar ([37], here Arrondo’s setting, cf. [2], Theorem 1.1)
(i) If E is a vector bundle of rank r on Pn and r− 1 sections
s1, . . . , sr−1 of E has as dependency locus a subscheme Y of P
3
which is lci, then one has an exact sequence:
0→ (r − 1)OY
(s1,...,sr−1)
−−−−−−→ E → IY ⊗ L→ 0 ,
where L = ΛrE. In this case, if N is the normal sheaf of Y ,
then Λ2N ⊗ L∨|Y is generated by r − 1 global sections.
(ii) Conversely, if Y is a lci subscheme of codimension 2 of
P3 and L is a line bundle on P3 with the property H2(L∨) = 0,
if Λ2N ⊗ L∨|Y is generated by r− 1 global sections, then there
exists a vector bundle E of rank r such that ΛrE = L and E
has r − 1 global sections whose dependence locus is Y .
G. If ϕ : F → G is a general morphism between vector bundles over
a smooth variety andHom(F,G) is globally generated, then the
dependency locus Y of ϕ has codimension rank(G)−rank(F )+1
and is nonsingular outside a subset of codimension ≥ rank(G)−
rank(F )+3 (cf. [4], 4.1 or [8] for a more general result and [29],
[31] for the case of arithmetically Cohen-Macaulay curves in
P3).

According to A, any vector bundle on Pn of rank > n is an exten-
sion of a rank n vector bundle by a trivial one, so modulo extensions
by trivial bundles, it is enough to find the globally generated vector
bundles of rank at most 3 with c1 = 3.
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3. Rank 2 Vector Bundles
This case is covered in [18]. We give nevertheless other arguments.
If E is a globally generated vector bundle of rank 2 on P3, nonsplit-
table, with c1(E) = 3, we may assume H
0(E(−3)) = 0, according to
D. A general section of it has a smooth zero set Y which according to
E′ is a union of conics.
The exact sequence:
(1) 0→ O → E → IY (3)→ 0
shows that the ideal of Y should be generated by cubics and deg(Y ) <
9.
Were Y a conic, E would be decomposable: E ∼= O(1)⊕O(2). This
corresponds to H0(E(−2)) 6= 0.
I. Assume H0(E(−2)) = 0, H0(E(−1)) 6= 0. Denote F := E(−2)).
One has c1(F ) = −1 and H
0(F ) = 0, so F is a normalized stable
vector bundle. Denote c2(F ) := 2n (recall that c1c2 = 0 mod 2) and
so c2(E) = 2n + 2. As H
0(IY (2)) 6= 0, Y is contained in a complete
intersection of type (2, 3) and so has degree at most 6, i.e. n ≤ 2.
(a) n = 1. In this case F is stable with c1 = −1, c2 = 2. The moduli
space of such vector bundles was studied in [15] and [20], where it was
shown that one has an exact sequence:
0→ O → F (1)→ IZ(1)→ 0 ,
with Z a double structure on a line. The homogeneous ideal of Z is
(ax+ by, x2, xy, y2), where the ideal of the line L which is the support
of Z is (x, y), and a, b are homogeneous polynomials in the projective
coordinates on L, of degree 3, without common zeros. As IZ(2) is not
globally generated, E is neither.
(b) n = 2. In this case F is stable with c1 = −1, c2 = 4. The moduli
space of such vector bundles was studied in [7], where it was shown
that for those F for which H0(F (1)) 6= 0 one has an exact sequence:
0→ O(1)→ F (2) (∼= E)→ IZ(2)→ 0 ,
where Z is a lci curve of degree 4, with ωZ ∼= OZ(−3) and Z is ei-
ther a double structure on a conic, with the ideal of the shape (ax +
bq, x2, xq, q2), (if the ideal of the conic is (x, q)), with deg(a) = 4,
deg(b) = 3, or a union of to double lines of the shape from (a) above.
In both cases E is not globally generated, because IZ(2) is not.
II. Assume H0(E(−1)) = 0. Then in the exact sequence (1), Y
must be a disjoint union of conics, not contained in a quadric, with the
ideal generated by cubics. We show in the following that this situation
cannot occur. Indeed, Y should be a union of at least 3 disjoint conics.
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We show that Y cannot lie in a complete intersection of two cubics,
where at least one of them can be assumed to be smooth. If Y would
lie in Z = complete intersection of type (3, 3), let Y ′ the liaison residue
of Y in Z. Then one has the exact sequence:
0→ ωY ⊗ ω
−1
Z (= OY (−3))→ OZ → OY ′ → 0
It follows that the Cohen-Macaulay curve Y ′ has Hilbert polynomial
3t+12, when Y consists of 3 disjoint conics, and has Hilbert polynomial
t + 19 when Y consists of 4 disjoint conics. The second case is clearly
absurd while the only curves locally Cohen-Macaulay of degree 1 are
the lines. (A general result is known: the pairs (d, pa) of degree d and
arithmetical genus pa for which the Hilbert scheme of locally Cohen-
Macaulay curves Hilb(d, pa) is not void were determined by several
authors (cf. [14]. [27], [31]), namely: d > 0, pa =
1
2
(d − 1)(d − 2) or
d > 1, pa ≤
1
2
(d − 2)(d − 3).) Curves with Hilbert polynomial 3t + 12
do exist. Such a curve must have at most one non-reduced component.
It can be only a line. So Y ′ contains a double line or is a triple line.
In our case we have the supplementary condition that Y ′ is contained
in a complete intersection of two cubic surfaces, one of them smooth.
We show in the next section that on a smooth cubic surface there are
double lines only of Hilbert polynomial 2t + 3 and triple lines only of
Hilbert polynomial 3t + 6 (see in the next section the exact sequences
(δ) and (τ)). So Y ′ cannot have Hilbert polynomial 3t+ 12.
The assertion about Pn, n > 3 follows from the splitting criterium
of Horrocks (cf. [16] or [26])
4. Rank ≥ 3 Vector Bundles
We use F. Observe ΛY := Λ
2N ⊗ L∨|Y ∼= ωY ⊗ ω
−1
P3
⊗ L∨|Y . We
shall not restrict the analysis to rank = 3, but we shall emphasize the
quotients of degree 3. By D., if E is a nonsplittable globally generated
vector bundle of rank r with c1 = 3, we may assume H
0(E(−3)) = 0.
If Y is the dependency locus of general r− 1 sections of E then Y is
smooth and one has:
(2) 0→ (r − 1)O → E → IY (3)→ 0
In this case ΛY ∼= ωY (1)
(A) Assume H0(E(−2)) 6= 0. Then Y in (2) is a plane curve. Assume
deg(Y ) = d. Then ΛY = OY (d − 2). If ΛY is generated by r − 1
global sections (we do not pay attention in taking r minimal), then the
minimal resolution of IY gives a resolution of E:
0→ O(2− d)→ (r − 1)O ⊕O(3− d)⊕O(2)→ E → 0
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Here E is globally generated for d ≤ 3. For d = 1 one gets a contra-
diction, for d = 2 one gets E ∼= (r − 2)O ⊕O(1)⊕O(2) and for d = 3
one gets:
0→ O(−1)→ rO ⊕O(2)→ E → 0 .
For r ≥ 4, E is an extension by a trivial bundle of a vector bundle
given by an exact sequence:
0→ O(−1)→ 3O ⊕O(2)→ E ′ → 0
(B) Assume H0(E(−2)) = 0, H0(E(−1)) 6= 0. Then Y is contained
in a complete intersection of type (2, 3), and is not contained in a plane.
1. Assume Y in (2) connected. We have to analyze the cases
deg(Y ) = 3, 4, 5, 6
(i) When deg(Y ) = 3, Y is a rational cubic and it is easy to see that
E should be, modulo trivial summands, 3O(1).
(ii) When deg(Y ) = 4, Y is either a rational quartic, or a complete
intersection of type (2, 2). The last case gives that E, modulo trivial
summands, is defined by an exact sequence:
0→ O(−1)→ 2O ⊕ 2O(1)→ E → 0
The shape of a minimal resolution of a rational quartic in P3 is:
0→ O(−5)→ 4O(−4)→ 3O(−3)⊕O(−2)→ IY → 0
This, together with (1), gives the resolution of E:
0→ O(−2)→ 4O(−1)→ (r + 2)O ⊕O(1)→ E → 0
Y being an embedding of P1 in P3, ΛY pulled back to P
1 is OP1(2),
whence is generated by 2 global sections. This shows that r ≥ 3. The
above exact sequence is equivalent to:
0→ T (−2)→ (r + 2)O ⊕O(1)→ E → 0
A vector bundle of this type is an extension by a trivial bundle of a
rank 3 bundle defined like above, but with r = 3.
(iii) When deg(Y ) = 5, as Y is contained in a complete intersection
Z of type (2, 3), it is linked in Z to a line. According to [29] Prop. 2.5,
Y has a resolution of the type:
0→ 2O(−4)→ 2O(−3)⊕O(−2)→ IY → 0
Using this and the exact sequence (2) one gets that E has a resolution
of the shape:
0→ 2O(−1)
ϕ
−→ (r + 1)O ⊕O(1)→ E → 0
Conversely, the property G. shows that, for r ≥ 3, a general ϕ is an
injection of vector bundles, and so E is a vector bundle of rank r. It
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is easy to show that any E like above is an extension of one of rank 3
(given by a sequence as above with r = 3) by a trivial bundle.
(iv) When deg(Y ) = 6, Y is a complete intersection of type (2, 3),
the bundle has a resolution:
0→ O(−2)→ rO ⊕O(1)→ E → 0
Again, r ≥ 3, and any such bundle is an extension of one like above
with r = 3, by a trivial one.
2. Assume Y in (2) not connected.
Observe that Y cannot have a line L as a component, because in that
case ΛY would have as summand ΛL = OL(−1) which has no sections.
So deg(Y ) ≥ 4. On the other hand, when deg(Y ) = 6, Y should be a
complete intersection, whence connected. It remains deg(Y ) = 4 or 5.
When deg(Y ) = 4, Y is a union of two conics. This cannot occur,
because the minimal resolution of Y has the shape:
0→ O(−6)→ 2O(−5)⊕2O(−4)→ O(−4)⊕2O(−3)⊕O(−2)→ IY → 0
and IY (3) is not globally generated.
When deg(Y ) = 5, Y is a union of a conic and a cubic (plane or
skew). Again, IY (3) is not globally generated.
(C) Assume H0(E(−1)) = 0. Then Y is contained in a complete
intersection of type (3, 3) and is not contained in a quadric.
1. Assume Y in (2) connected. As all smooth curves of degree
≤ 4 are contained in a quadric, we have to analyse 5 ≤ deg(Y ) ≤ 9.
(i) When deg(Y ) = 5 there are three possibilities: rational quintic,
elliptic quintic, genus 2 quintic. The last case is excluded by the fact
that any genus 2 quintic lies on a quadric.
If Y is a rational quintic not on a quadric, then there is a
unique 4-secant L to Y (cf. [23]), p. 148). According to [25] there is a
complete intersection Z of type (3, 3) which contains Y and a degree 4
structure Y ′ on L, which contains the first infinitesimal neighbourhood
L(2). These structures are studied in [5] (cf. [6] and [21]), namely there
is an integer s and an exact sequence:
(3) 0→ OL(s)→ OY ′ → OL(2) → 0 .
The Hilbert polynomial of Y ′ is χY ′(t) = 4t + s + 2. The liaison of Y
and Y ′ in Z produce the exact sequence:
(4) 0→ ωY ′ ⊗ ω
−1
Z (
∼= ωY ′(−2) )→ OZ → OY → 0
From χZ = χY + χω
Y ′
(−2) follows s = 0.
The exact sequence (4) produces the exact sequence:
0→ IZ(3)→ IY (3)→ ωY ′(1)→ 0 .
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Dualizing (3), and twisting by O(1) one gets:
0→ ωL(2)(1)→ ωY ′(1)→ ωL(1) (
∼= OL(−1))→ 0
The last two exact sequences show that ωY ′(1) and IY (3) are not glob-
ally generated.
If Y is an elliptic quintic then the minimal resolution of Y is of
the shape:
0→ O(−5)→ 5O(−4)→ 5O(−3)→ IY → 0
The bundles produced via (2) will have a resolution of the shape:
0→ O(−2)→ 5O(−1)→ 7O → E → 0
and consequently has Chern classes c1 = 3, c2 = 5, c3 = 5. The above
resolution can be reduced to:
0→ T (−2)⊕O(−1)→ 7O → E → 0 .
(ii) When deg(Y ) = 6 the only case when IY is generated by cubics
and Y is not contained in a quadric is a type of genus 3 curves, with
minimal resolution (cf. [24]) :
0→ 3O(−4)→ 4O(−3)→ IY → 0 ,
i.e. Y is arithmetically Cohen-Macaulay. The bundles given by exten-
sions (2) with such Y have resolutions:
0→ 3O(−1)→ 6O → E → 0 ,
and consequently E has Chern classes c1 = 3, c2 = 6, c3 = 10.
Remark. Although the case of elliptic sextics is excluded by [24], we
give also another argument:
By Serre-Hartshorne correspondence, an elliptic sextic corresponds
to vector bundles G with c1(G) = 4, c2(G) = 6, given by extensions:
(5) 0→ O → G→ IY (4)→ 0 .
F := G(−2) has c1(F ) = 0, c2(F ) = 2 and H
0(F (−1)) = 0, so that F
is stable. These vector bundles where studied by Hartshorne ([13]), §9.
Namely, it is shown there that H0(F (1)) 6= 0 and the zero set of any
section s of F (1) is contained in a unique smooth quadric which does
depend only on F and has type (3,0) on this quadric. Then Z(s) has
a resolution of the shape:
0→ 2O(−5)→ 6O(−4)→ 4O(−3)⊕O(−2)→ IZ(s) → 0 ,
and, taking into account the exact sequence:
0→ O → F (1)→ IZ(s)(2)→ 0 ,
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F (1) has a resolution:
0→ 2O(−3)→ 6O(−2)→ 4O(−1)⊕ 2O → F (1)→ 0
Taking into account (5) the elliptic sextics have resolutions:
0→ 2O(−6)→ 6O(−5)→ 3O(−4)⊕ 2O(−3)→ IY → 0 ,
(cf. also [24]) and so IY (3) is not globally generated.
(iii) When deg(Y ) = 7, and Y is contained in a complete intersection
of type (3, 3), we have to find those Y linked to a degree 2 curve in P3.
Assume Y is linked to a conic (smooth, or degenerated).
Then Y has a resolution (cf. [29], Prop. 2.5) of the shape:
0→ O(−5)⊕O(−4)→ 3O(−3)→ IY → 0
(so that Y is a curve of degree 7 and genus 5), and then the usual
procedure gives vector bundles with a resolution:
0→ O(−2)⊕O(−1)→ 5O → E → 0
and extensions by trivial bundles of such bundles.
Remark. It is easy to see that we obtained already all curves which
are arithmetically Cohen-Macaulay and whose ideal are minimally gen-
erated by polynomials of degree 3: they are the above ones, of degree
7 and genus 5 respectively of degree 6 and genus 3.
Assume Y is linked to a disjoint union of two lines or to
a double line. We show in the following that this situation does
not occur. Indeed, by [10], Thms. 3.1, 3.2 the shape of a minimal
resolution of a smooth curve IY whose ideal is generated by cubics and
is not arithmetically Cohen-Macaulay is one of the following:
0→ (a− 1)O(−6)→ aO(−5)⊕ aO(−4)→ (a+ 2)O(−3)→ IY → 0
if h1(IY (2)) = a− 1 > 1,
or
0→ (6− d)O(−5)→ (15− 2d)O(−4)→ (10− d)O(−3)→ IY → 0
if h1(IY (2)) = 0 and deg(Y ) = d.
In the first case the Hibert polynomial of Y is HY (t) = (9 − 2a)t +
5a− 9, in the second it is HY (t) = dt+ 10− 2d, and never the degree
can be 7.
(iv) When deg(Y ) = 8, and Y is contained in a complete intersection
of type (3, 3), Y is linked to a line. Using [29], Prop. 2.5, Y admits the
resolution:
0→ 2O(−5)→ 2O(−3)⊕O(−4)→ O → OY → 0
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which produces curves of degree 8 and genus 7, but not with IY (3)
globally generated. In fact the argument from [10] used above works
also in this case.
(v) Finally, if deg(Y ) = 9, Y is a complete intersection. The vector
bundles obtained in this case are extensions by trivial bundles of vector
bundles given by exact sequences:
0→ O(−3)→ 4O → E → 0
2. In the assumption (C) assume Y not connected. We have
seen that no connected component could be a line. Then deg Y ≥ 4.
When deg Y = 4, Y is a union of two smooth disjoint conics. One
sees directly that IY (3) is not generated by global sections.
When deg Y = 5, Y is a disjoint union of a conic and a smooth
cubic. The case of plane cubic is excluded by direct computation. We
show that also is excluded the case Y = Q∪C, where C is a skew cubic
and Q is a smooth conic, such that C ∩ Q = ∅. Indeed, tensoring the
exact sequence
0→ IQ → O → OQ → 0
with OC one gets the exact sequence:
0→ Tor1(OQ,OC)→ IQ/IQIC → OC → O/(IQ + IC)→ 0 .
From here Tor1(OQ,OC) = IQ ∩ IC/IQIC and as Q and C are disjoint,
Tor1(OQ,OC) = 0, so that IQ ∩ IC = IQIC . This means IY = IQIC .
Tensoring the minimal resolution of OC with IQ one gets:
0→ 2IQ(−3)→ 3IQ(−2)→ IY → 0.
Standard exact sequences of cohomology give h0(IY (3)) = 3 and h
0(IY (4)) =
13. Hence IY (3) is not generated by global sections.
When deg Y = 6, then Y is linked in a complete intersection Z of
two cubic surfaces to a locally Cohen-Macaulay curve X of degree 3.
This could be:
(a) a plane cubic (smooth or degenerated)
(b) a rational skew cubic
(c) a triple structure on a line
(d) a disjoint union of a conic (degenerated or not) and a line
(e) a disjoint union of a double line and a line
(f) a union of a conic (degenerated or not) and a skew meeting line.
(g) a union of a double line and a line meeting it.
(h) three disjoint lines
In case (a) Y is a complete intersection of type (2, 3), already studied.
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In cases (b) and (f) Y is an ACM (i.e. arithmetically Cohen-Macaulay)
curve with minimal resolution:
0→ 3O(−4)→ 4O(−3)→ IY → 0 .
The vector bundles constructed via Y will be obtained as quotients of
the shape:
0→ 3O(−1)→ 6O → E → 0 .
As IY (3) is globally generated, then (IY /I
2
Y )(3) is also globally gen-
erated. These two facts allow the assumption that one of the cu-
bic surfaces (denote it by S) containing Y is smooth. Let F :=
Ax + By = 0 be the cubic form which define S containing the line
of ideal IL = (x, y). Denote by x, y, u, v the homogeneous coordi-
nates on P3. If we write F as a polynomial with coefficients in C[u, v],
namely F = ax + by + cx2 + dxy + ey2 + f(x, y), the condition that
S is smooth does not allow a, b to have any common zeros on L. So
Iδ = (ax+ by, x
2, xy, y2) is the ideal of the only double structure on L
contained in S and Iτ = (ax+ by + cx
2 + dxy + ey2, x3, x2y, xy2, y3) is
the ideal of the unique triple structure on L contained in S. In fact (cf.
[6] or [21]) one has the exact sequences:
0→ OL(1)→ Oδ →OL → 0(δ)
0→ OL(2)→ Oτ →Oδ → 0(τ)
and ωδ ∼= Oδ(−3), ωτ ∼= Oτ (−4). It follows that ωτ(1) is not globally
generated. Then IY (3) cannot be globally generated either. Indeed: in
general, if X is linked to Y in Z, Z being complete intersection of type
(3, 3), one has the exact sequence:
0→ ωX ⊗ ω
−1
Z → OZ → OY → 0 ,
which can be written also:
0→ IZ → IY → ωX ⊗ ω
−1
Z → 0
The condition that IY (3) is globally generated implies that ωX⊗ω
−1
Z (3) =
ωX(1) is also globally generated.
The same argument excludes the cases when Y has a line as a con-
nected component, i.e. (d), (e) and (h).
The only case which remains is (g). Take, as above, S a smooth cubic
surface and two concurent lines L and ℓ on it, of ideals IL = (x, y) and
Iℓ = (x, u). Then, if we start with F from above, the condition that ℓ
lies on S gives F of the form: F = ax + (b1u + b2v)uy + cx
2 + (d1u +
d2v)xy+euy
2+· · · . Then ID = (ax+βuy, x
2, xy, y2) and IY = ID∩Iℓ =
(x2, xy, uy2, ax + βuy). Now it is easy to compute the syzygies of OY
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and see that the Hilbert polynomial of Y is χY (t) = 3t + 2. Observe
that the same result could be obtained also from the exact sequence:
0→ OY → OD ⊕Oℓ → OD∩ℓ → 0 .
Y can be interpreted as a scheme which gives a locally algebraic linkage
of L ∪ ℓ and L (cf. [21] or [22]). As such one should have an exact
sequence of the form:
0→ OL(s)→ OY → OL∪ℓ → 0 .
Taking Euler characteristics, one get s = 0. Dualizing the above se-
quence, we have a surjection ωY → ωL. As ωL(1) is not globally gen-
erated, ωY (1) is neither.
If deg(Y ) = 7, then Y is linked in a complete intersection Z of type
(3, 3) to a locally Cohen=Macaulay curve of degree 2. This can be:
(a) a conic (degenerated or not)
(b) a double line
(c) two skew lines.
In the case (a) Y is ACM and has resolution:
0→ O(−5)⊕O(−4)→ 3O(−3)→ IY → 0
and the corresponding rank 3 vector bundles have resolutions of the
shape:
0→ O(−2)⊕O(−1)→ 5O → E → 0 .
The case (b) cannot occur because for a double line on a smooth cubic
surface ωY = OY (−3) and so ωY (1) is not globally generated. The
case (c) is not acceptable from the same reason (it was, in fact, already
dismissed).
When deg(Y ) = 8 then Y is linked to a line and so Y is ACM, with
resolution of the shape:
0→ 2O(−5)→ O(−4)⊕ 2O(−3)→ IY → 0
and IY (3) is not globally generated.
When deg(Y ) = 9, then Y is a complete intersection and the vector
bundles associated to it have resolution of the type:
0→ O(−3)→ 4O → E → 0
Remark 1. (i) The Chern classes (Chern polynomial) of the rank 3
vector bundles of the theorem (respectively the same twisted bu −1)
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proved in this paper are:
c(E) = 1 + 3h+ 9h2 + 27h3 , c(E(−1)) = 1 + 6h2 + 20h3(1)
c(E) = 1 + 3h+ 6h2 + 12h3 , c(E(−1)) = 1 + 3h2 + 8h3(2)
c(E) = 1 + 3h+ 4h2 + 4h3 , c(E(−1)) = 1 + h2 + 2h3(3)
c(E) = 1 + 3h+ 3h2 + 3h3 , c(E(−1)) = 1 + 2h3(4)
c(E) = 1 + 3h+ 7h2 + 15h3 , c(E(−1)) = 1 + 4h2 + 10h3(5)
c(E) = 1 + 3h+ 5h2 + 7h3 , c(E(−1)) = 1 + 2h2 + 4h3(6)
c(E) = 1 + 3h+ 6h2 + 10h3 , c(E(−1)) = 1 + 3h2 + 6h3(7)
c(E) = 1 + 3h+ 4h2 + 2h3 , c(E(−1)) = 1 + h2(8)
c(E) = 1 + 3h+ 5h2 + 5h3 , c(E(−1)) = 1 + 2h2 + 2h3(9)
(ii) The Chern polynomials (1), (3), (8) decompose as follows:
c(E) = (1 + 3h)(1 + 9h2)(1)
c(E) = (1 + 2h)(1 + h+ 2h2)(3)
c(E) = (1 + h)(1 + 2h+ 2h2)(8)
(iii) The above decompositions correspond to extensions of vector bun-
dles:
0→ E ′ →E → O(3)→ 0(1)
0→ E ′ →E → O(2)→ 0(3)
0→ O(1)→E → TV (4)→ 0(8)
where in each case E ′ is a rank 2 vector bundle (generalizations of
the null-correlation bundle) and TV is a Trautmann-Vetter bundle (cf.
[35], [36], [19]) known also, modulo a twist due to notation, as Tango
bundle, (cf. [34]) .
Proof. (i) and (ii) are standard computations with Chern classes.
For (iii): In the exact sequence defining E in case (1), let ϕ =
t(f1, f2, f3, f4), where f1, . . . , f4 are homogeneous polynomials of degree
3. Let ϕ˜ := (−f2, f1,−f4, f3) : 4O → O(3). Then ϕ˜ is surjective and
ϕ˜ϕ = 0, so that E ′ = kerϕ˜/imϕ defines a generalized null-correlation
bundle. Standard arguments give a extension as in (iii) (1).
In case (iii) (3), let ϕ = t(f1, f2, f3, f4) : O(−1)→ 2O⊕2O(1), where
f1, f2 are homogeneous polynomials of degree 1 and f3, f4 homogeneous
polynomials of degree 2. Take ϕ˜ := (−f3,−f4, f1, f2) : 2O ⊕ 2O(1) →
14 NICOLAE MANOLACHE
O(2). In this setting the proof goes like above and one gets an exact
sequence (3).
(iii)(8): The construction of Trautmann-Vetter (cf. [35], [36], [19]),
applied to P3, starts from the observation that Ω(2) is globally gener-
ated by 5 global sections, so that one gets a rank 2 vector bundle TV
as a kernel:
0→ TV → 5O(−2)→ Ω1 → 0 .
As TV ∨ ∼= TV (6), dualizing the above exact sequence and tensoring
by O(−2) one gets:
0→ T (−2)→ 5O → TV (4)→ 0 .
By the defining exact sequence h0(E(−1)) = 1 and h0(E(−2)) = 0.
Then, as c3(E(−1)) = 0, a nonzero section of E(−1) vanishes nowhere
and one gets an injection of vector bundles O(1)→ E. Let E ′′ be the
cokernel of it. This completes to the commutative diagram with exact
columns and rows:
0 0
y
y
O(1) O(1)
y
y
0 −−−→ T (−2) −−−→ 5O ⊕O(1) −−−→ E −−−→ 0
∥∥∥
y
y
0 −−−→ T (−2) −−−→ 5O −−−→ E ′′ −−−→ 0
y
y
0 0
where from E ′′ ∼= TV (4) . 
Remark 2. On P3 the Trautmann-Vetter (Tango) bundle and the null-
correlation bundle differ only by a twist. We preffered a name or the
other according to the construction considered. 
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